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A general procedure for robust design of simulated moving-bed (SMB) processes
under flow rate uncertainty is presented. The best solution is chosen only among candi-
date solutions that are robust feasible, that is, remain feasible for all flow rate pertur-
bations from the uncertainty set. This gives rise to a robust approach to optimal SMB
design in which the nominal problem is replaced by a worst case problem. Computa-
tional tractability is ensured by formulating the robust problem with only the vertices
of the uncertainty region that most adversely affect the raffinate and extract purities.
The nominal optimization problem and its robust counterpart are formulated with a
single-column analog model, and a full-discretization approach for steady periodic dy-
namics. The resulting nonlinear programming problems are solved by an efficient inte-
rior-point solver. The procedure is successfully employed to find robust operating con-
ditions for the linear separation of two nucleosides by standard SMB, asynchronous
port switching (Varicol), and cyclic flow rate modulation (PowerFeed). Our results
show that PowerFeed is the most efficient operating scheme for the separation under
study, although Varicol also clearly outperforms the standard SMB process. However,
it is also shown that Varicol productivity is the least affected when the process is ren-
dered robust, whereas that of PowerFeed is the most penalized. � 2007 American Insti-

tute of Chemical Engineers AIChE J, 53: 2630–2642, 2007
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Introduction

The simulated moving-bed (SMB) technology is a multi-
column adsorptive separation process that increases through-
put, purity and yield relative to classical preparative chroma-
tography.1–3 The SMB process is shown in Figure 1, and
was originally devised as a practical implementation of
the true moving-bed process, where the adsorbent and the
mobile phase move countercurrently.4 However, contrary to
a true countercurrent process, the SMB reaches a cyclic
steady state (CSS), where the internal concentration profiles
move in the direction of fluid flow and the outlet composi-
tions are time periodic. Details of arranging commercially

available two-position and multiposition valves for the opera-
tion of the SMB process have been thoroughly reviewed in a
recent publication.5 The SMB was initially developed for
hydrocarbon and sugar separations, but is now being increas-
ingly applied in the pharmaceutical, fine chemistry, and bio-
technology industries, at all production scales.6

Uncertainties in isotherm parameters, band broadening,
pump stability and calibration, temperature stability, extra-
column volumes, and packing reproducibility, are inevitable
in every SMB process. This is particularly true in produc-
tion-scale operation. Although there have been previous stud-
ies on the effect of variations in operating and system param-
eters on SMB performance, only a few of them have
addressed the problems of handling parameter uncertainty
and robustness of operation.

Storti et al.7 and Mazzotti et al.8 were the first to introduce
the concept of robustness in optimal SMB design in the
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framework of their triangle theory. These authors have nicely
shown that the further the operating point is from the
boundaries of the complete separation region in the four-
dimensional (4-D) space whose coordinates are the mj flow
rate ratios, the more robust the operating conditions are. A
quantitative measure of robustness was proposed based on
the geometrical location of the operating point in the (m2,
m3) plane.

More recently, Mun et al.9 have produced a comprehensive
study of how SMB performance is affected by variations in
operating and system parameters. Practically every conceiva-
ble source of disturbance was taken into consideration and a
robust pump configuration for minimizing the effects of
pump output deviations was proposed. The authors also
extended their standing-wave design method10,11 to handle
robust design. They have shown that even when the worst
parameter deviations occur, the desired yield and purity can
still be achieved.

In this work we address the issue of robustness in SMB
operation, and present a general procedure for robust SMB
design under flow rate uncertainty. This is the most difficult
operating uncertainty to tackle from a design perspective and
one frequently occurring in production-scale operations. Our
procedure is not only applicable to the classical SMB pro-
cess, but also to recently developed nonstandard schemes,

such as asynchronous port switching (Varicol)12,13 and cyclic
flow rate modulation (PowerFeed).14–18 This is a significant
achievement. The issue of robustness is particularly impor-
tant for these newly emerged SMB schemes, because they
provide further gains but at the expense of additional com-
plexity and increased sensitivity to operating disturbances.

The article is structured as follows. We start by describing
the theoretical framework in which the method is developed,
and then present the robust counterpart of the nominal SMB
design problem. After briefly describing the adopted solution
approach and numerical implementation, the method is vali-
dated and its computational tractability demonstrated using
the linear separation of two nucleosides by reversed phase as
model system. The procedure is successfully employed to
find robust operating conditions for standard SMB, Varicol,
and PowerFeed schemes. We end with some brief conclu-
sions and perspectives for future work.

Robust Approach to Optimal SMB Design

It is assumed that the experimental realization of the zone
flow rates, Qj (j 5 I, . . . , IV), is subject to an error, or uncer-
tainty, that is bounded by a maximum relative deviation d,
from their nominal values Q�

j :

ð1� dÞQ�
j � Qj � ð1þ dÞQ�

j (1)

In the absence of uncertainty (d 5 0, Qj 5 Q�
j ), the mathe-

matical programming problem for optimal SMB design can
be formulated as follows

max
s;Nj;Qj

fobjðQF;QEÞ (2)

s.t. y ¼ hCSSðs;Nj;QjÞ (3)

gðs;Nj;Qj; yÞ � 0 (4)

where s, Nj, and Qj are the set of design or decision varia-
bles, fobj is an objective function to be maximized, which has
productivity

QF ¼ 1

s

Z tþs

t

ðQIII � QIIÞdt (5)

and/or solvent consumption

QE ¼ 1

s

Z tþs

t

ðQI � QIVÞdt (6)

as arguments, y is the steady periodic solution (concentration
profiles) of the chromatographic model (defined by the set of
equality constraints hCSS), and g is a set of inequality con-
straints. These constraints include product quality require-
ments (purity and recovery), and physical (e.g. column
dimensions), and operating restrictions (e.g. pressure drop).
Note that when the flow rates are periodically varied over
time, the values of QF and QR must be averaged over a
switching interval to determine the relevant values of produc-
tivity and eluent consumption.

Equations 2–4 correspond to the simplest problem formu-
lation in terms of design variables, since particle size and
column dimensions are excluded from the decision set as

Figure 1. Four-section SMB process.

The system comprises several identical columns which are
serially connected in either a closed- or open-loop configu-
ration The column sequence is divided into four zones of
constant flow rates by four ports: one for adding fresh
desorbent or mobile phase, another one for withdrawing the
slow migrating solutes, another one for continuous feeding,
and the last one for withdrawing the fast migrating solutes.
By periodically moving the input and withdrawal ports in
the direction of fluid flow, the countercurrent contact
between the stationary and mobile phases is simulated. De-
sorption or regeneration of the adsorbent take place in zone
I. The separation takes place in zones II and III, where the
more strongly adsorbed species, or group of species with
similarly strong adsorption properties, is conveyed down-
wards to the extract outlet and the less strongly adsorbed
species or group of species upwards to the raffinate outlet,
respectively. In the closed-loop configuration, the fast
migrating solutes are trapped in zone IV, so as to regenerate
the solvent and recycle it back to zone I.
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being nonessential to the present discussion. Note, however,
that the Nj’s are part of the decision variables to allow the
optimization of the column configuration or port switching,
as is the case for Varicol operation. The most common prob-
lem is the maximization of productivity or feed throughput,
that is fobj 5 QF, but other feasible choices exist, such as e.g.
the minimization of QE for a given value of QF.

For convenience the set of inequality constraints g is split
into two subsets g1 and g2, one dealing specifically with
operational feasibility and restrictions,

g1ðQjÞ ¼

Qmax � QI

Qmax � QIII

QE ¼ QI � QIV

QX ¼ QI � QII

QF ¼ QIII � QII

QR ¼ QIII � QIV

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

� 0 (7)

and the other imposing requirements on product quality

g2ðs;Nj;Qj; yÞ ¼
PRðs;Nj;Qj; yÞ � Pmin

R

PXðs;Nj;Qj; yÞ � Pmin
X

8<
:

9=
; � 0 (8)

Here PR and PX are the raffinate and extract purities, respec-
tively, and Pmin

R and Pmin
X are their minimal acceptable values.

Parameter Qmax is the largest allowed operating flow rate in
zones I and III. The value of Qmax is constrained by either
the capacity of the installed pumps, or the efficiency and
functionality of the stationary phase, which in most cases is
only guaranteed up to a maximum interstitial fluid velocity,
or by the pressure drop in the plant. Both sets of constraints
are assumed to be ‘‘hard,’’ that is, violations of any of them,
even small ones, cannot be tolerated. The only allowed
exceptions are the first two constraints of g1, which can be
violated when Qmax is dictated by the capacity of the in-
stalled pumps.

In PowerFeed operation some, or all, of the flow rates are
changed from continuous constant flow to s-periodic flow,
while still satisfying at every instant the global constraint
QE þ QF 5 QX þ QR. The s-periodic flow rate modulations
considered in this work are piecewise constant. In practice,
the switching interval is divided into nQ subintervals of equal
length and the flow rates remain constant over each subin-
terval before jumping discretely to different values over the
next subinterval. Thus, in this work each Qj is either a scalar
or a vector of length nQ. In the latter case, the g1 set of con-
straints must be separately applied to each subinterval of the
flow-rate modulation.

The numerical experiments supporting this work show that
even slight perturbations of the nominal values of the flow
rates may result in a severe infeasibility of the optimal solu-
tion for the SMB design problem. When satisfying the feasi-
bility constraints is important, and often this is the case for
the purity requirements expressed by g2, such ‘‘nonro-
bustness’’ with respect to constraint violations can make the

nominal solution misleading or of little use. To avoid this,
the best solution should be chosen only among those ‘‘immu-
nized’’ against flow rate uncertainty. By this we mean that
the candidate solutions should be robust feasible, that is,
remain feasible for all flow rate perturbations from the uncer-
tainty set defined by Eq. 1. This observation is the basis for
the proposed robust approach to optimal SMB design where
the nominal problem is replaced by a ‘‘worst case’’ prob-
lem.19–22

What is claimed in the present work is that the optimal so-
lution (s, Nj and Q�

j ) of the SMB design problem, when sub-
ject to the flow rate uncertainty given by Eq. 1, can be
obtained from its robust counterpart (RC), which can be writ-
ten as

max
s;Nj;Q�

j

fobjðQ�
F;Q

�
EÞ (9)

s.t.
Q�

j ¼ Q�
j ðd;Q�

j Þ
Qþ

j ¼ Qþ
j ðd;Q�

j Þ

(
(10)

y� ¼ hCSSðs;Nj;Q
�Þ (11)

g01ðQ�
j Þ ¼

Qmax � Q�
I

Qmax � Q�
III

ð1� dÞQ�
I � ð1þ dÞQ�

IV

ð1� dÞQ�
I � ð1þ dÞQ�

II

ð1� dÞQ�
III � ð1þ dÞQ�

II

ð1� dÞQ�
III � ð1þ dÞQ�

IV

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>;

� 0 (12)

g2ðs;Nj;Q
þ; yþÞ � 0; g2ðs;Nj;Q

�; y�Þ � 0 (13)

Here Q2 : [Q�
I , . . . , Q

�
IV] and Qþ : [QI

þ, . . . ,QIV
þ] are

the two perturbations of the optimal flow rates that define the
lowest and left-most vertices, respectively, of the 4-D uncer-
tainty region projected onto the (PR, PX) plane. This is
depicted in Figure 2 for the two different geometrical shapes
of the projected region that have been identified in this work.
Q2 and Qþ perturbations are, thus, responsible for the worst
violations of the g2 constraints. In Eq. 12, the nominal g1
constraints have been adjusted in order to immunize the ro-
bust solution against the worst case deviations. If the viola-
tion of the first two g1 constraints cannot be tolerated then
the first two entries of g01 should read Qmax 2 (1 þ d) Q�

I

and Qmax 2 (1 þ d) Q�
III.

In principle one should look for Q2 and Qþ among the
24 5 16 vertices of the edges that bound the 4-D uncertainty
region, but fortunately most of those vertices can be
excluded in advance from the search. For example, we have
determined that for the numerical experiments reported here
there are only two likely candidates for the lowest vertex,
where PX is decreased most

Q� ¼ ½ð1þ dÞQ�
I ; ð1� dÞQ�

II; ð1� dÞQ�
III; ð1þ dÞQ�

IV� (14)

Q� ¼ ½ð1þ dÞQ�
I ; ð1� dÞQ�

II; ð1þ dÞQ�
III; ð1þ dÞQ�

IV� (15)
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and two others for the left-most vertex, where PR is reduced
most

Qþ ¼ ½ð1� dÞQ�
I ; ð1þ dÞQ�

II; ð1þ dÞQ�
III; ð1� dÞQ�

IV� (16)

Qþ ¼ ½ð1� dÞQ�
I ; ð1� dÞQ�

II; ð1þ dÞQ�
III; ð1� dÞQ�

IV� (17)

These two extreme cases are depicted in Figure 2. The top
graph is qualitatively obtained when the worst-case vertices
are defined by Eqs. 14 and 16, whereas the bottom graph is
representative of the case given by Eqs. 15 and 17. In the ab-
sence of further knowledge, the RC problem must thus be
solved with two candidate perturbations for Q2 and two
others for Qþ and, consequently, four components in Eqs.
10, 11 and 13. However, if one is solving a series of similar
problems, such as when generating a Pareto curve, the worst-
case perturbations can be predetermined in advance, so that
the series of RC problems can be solved with a single pertur-

bation for Q2 and another one for Qþ. This is elaborated in
more detail following.

It is worth noting that none of the perturbations defined by
Eqs. 14–17 is

½ð1� dÞQ�
I ; ð1� dÞQ�

II; ð1þ dÞQ�
III; ð1þ dÞQ�

IV� (18)

which reduces the eluent flow rate to the lower edge of its
confidence interval, while increasing the feed flow rate to its
upper edge. In reality, this perturbation is the worst one only
when product quality is globally assessed by the purity index,
PI 5 (PX þ PR)/2 � PImin. This quality requirement is
clearly less restrictive than the two g2 constraints applied
simultaneously.

It should be pointed out that there is an increase in com-
plexity while moving from the nominal problem to its robust
counterpart, because the latter works simultaneously with
more than one instance of the chromatographic model. How-
ever, we shall demonstrate that the RC problem remains
computationally tractable if the right solution approach and
optimization solver are employed. In fact, the numerical
experiments reported in this work show that the CPU time
required to obtain a robust solution on standard computing
hardware is of the order of minutes.

Computational Implementation

We employ a recently developed23 compact representation
of the SMB process as a convenient framework for imple-
menting an efficient solution method for the nominal optimi-
zation problem and its robust counterpart. This formulation is
particularly useful for the optimization of Varicol operation
since it encompasses a whole class of physically realizable
asynchronous port switching schemes that are univocally
specified by only four rational numbers NI, . . . ,NIV, which
define the average number of columns over a switching inter-
val in each zone of the SMB unit. If the Nj’s are all integers
then the standard SMB process with Nj columns in zone j is
obtained. This formulation has the advantages of substan-
tially reducing the dimension of the searchable Varicol space
and eliminating the integer nature of the optimization prob-
lem.23–25

Part of the solution strategy relies on the direct calculation
of the steady periodic solution for a single-column model
that replicates the cyclic steady state of the equivalent multi-
column process.26,27 For this purpose, a full-discretization
method is applied to the single-column model in which the
time coordinate is discretized over a full cycle (Ns time
units), and a periodic condition is directly imposed. The
computational domain and governing equations are given in
Figure 3, together with a diagram of the single-column
model.

Discretization is handled via collocation, using 10 cubic
Hermite elements for the spatial domain and 10N Radau ele-
ments (with two interior points) for the time domain. The lat-
ter type of collocation elements is especially suitable for han-
dling process dynamics with frequent discontinuities in
time.28 Both the port configuration and the flow rates remain
constant over each Radau element, but are allowed to change
discretely to different values across elements. This means that
the optimized value for each Nj is obtained with an accuracy

Figure 2. Shapes of the domain obtained by projecting
the flow rate uncertainties defined by Eq. 1
onto the (PR, PX) plane.

The shaded area represents the feasible region of the do-
main. The top graph is representative of the case where the
lowest and left-most vertices of the domain are obtained for
Q6 5 [(1 + d)Q�

I , (1 6 d)Q�
II, (1 6 d)Q�

III, (1 + d)Q�
IV],

whereas the bottom graph is qualitatively obtained when the
worst-case perturbations are Q6 5 [(1 + d)Q�

I , (1 2 d)Q�
II,

(1 þ d)Q�
III, (1 + d)Q�

IV].
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of ca. 60.5/ns, where ns 5 10 is the number of Radau ele-
ments employed per switching interval. This is also the high-
est resolution at which the flow rate modulation for Power-
Feed operation can be discretized. This is perfectly adequate
for virtually every practical application, since higher resolu-
tions have little impact on the objective function.

As proposed by Kawajiri and Biegler,28,29 the nonlinear
programming problem obtained after discretization is formu-
lated in AMPL,30 and solved using IPOPT 3.2.3.31 This solu-
tion strategy has been previously employed with success by
our group on a broad class of SMB problems.32–34 IPOPT
implements a primal-dual interior-point method, and uses
line searches based on filter methods. It directly exploits first
and second derivative (Hessians) information provided by
AMPL via automatic differentiation.

Varicol optimization is handled slightly differently from
described above. The optimization problem is decomposed
into an outer problem with the Nj’s as the only decision vari-
ables, and an inner problem encompassing all other decision
variables, i.e.

max
s;Nj ;Qj

fobjðQF;QEÞ ! max
Nj

fmax
s;Qj

fobjðQF;QEÞ; fixed Njg (19)

Note that only three of the four zone lengths are decision
variables, since they must obey the constraint S Nj 5 N,
where N is the total number of columns. Furthermore, they
must also satisfy the constraints for physical realizability23

Nj þ Njþ1 � 1 ðj ¼ I; . . . ; IIIÞ; NI þ NIV � 1 (20)

The outer problem is handled by the SQP solver FFSQP
3.7,35 which in turn calls IPOPT to solve the inner problem
for each trial port configuration generated. This is outlined in
Figure 4. The gradient of the objective function with respect
to the decision variables is computed by first-order backward
or forward differencing with a perturbation factor DNj 5 1/ns
(i.e. each Nj is decreased or increased by the equivalent to
one Radau element). The gradients of the constraints in Eq.
20, on the other hand, are computed analytically.

Results and Discussion

The linear separation of two nucleosides (uridine and gua-
nosine) on reversed phase SOURCE 30RPC (GE Healthcare
Amersham Biosciences, Uppsala, Sweden) is used here as a
model system to validate the proposed procedure. The mobile
phase is 5% (v/v) ethanol in water, which has previously
been found to give adequate retention and separation fac-
tors.36 Column characterization and adsorption parameters,
which were taken from our previous studies,32,33 are listed in
Table 1.

Figure 3. Main governing equations for single-column
model with ‘‘recycle lead’’ that replicates the
cyclic steady state of the equivalent multicol-
umn process.

The equations for the chromatographic column model are
not listed for the sake of brevity.

Figure 4. Outline of the solution procedure for Varicol
optimization.
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Band broadening is taken into account through a simplified
van Deemter curve for each solute

Hi

2
¼ L

Pei
þ aiv (21)

where Hi is the plate height, Pei is the Péclet number, and ai
is the slope of the linear dependence with interstitial velocity.
Extra-column volume Ve, is modeled as a perfectly mixed
cell placed between each column outlet and the adjacent
withdrawal port

Ve

dcouti

dt
¼ Qðcijz¼L � couti Þ (22)

where ci|z5L is the outlet concentration of solute i.
The parameter values for the optimization constraints are

Qmax 5 25 ml/min, and Pmin
R 5 Pmin

X 5 0.98. The reference
system is a four-column unit (N 5 4), which can be operated
as a conventional SMB process, in Varicol configuration, or
under PowerFeed mode. For each of these operating
schemes, the proposed robust optimization procedure is
employed to find optimal operating conditions that maximize
the feed throughput fobj 5 QF, subject to an uncertainty in
the flow rates of 62.5%.

The optimizations were carried out on a Pentium IV 1.7
GHz Windows XP machine with 512 MB of RAM. The
obtained results are summarized in Table 2. Each pair of
nominal/robust solutions for the different operating schemes
is discussed in turn and is preceded by a short description of
how the solutions were obtained in practice and the required
computational effort in terms of CPU time.

Standard SMB operation

Prior to determining the optimal value of the decision vari-
ables for the standard SMB scheme, its CSS solution (y in
Eq. 3) was computed for an initial estimate of s and Q�

j by
solving the nominal problem with no objective function and

no inequality constraints; in this case, IPOPT’s goal is to
simply find the solution satisfying Eq. 3. This took 1.3 CPU
s on our machine. From this initial state, the optimal solution
of the nominal problem (first row of Table 2) was found in
22.8 CPU s and required 19 IPOPT iterations. This problem
consists of 5,293 nonlinear variables, 5,288 equality con-
straints, and 24 inequality constraints. This solution was,
subsequently, rendered robust (second row of Table 2) by
solving the RC problem in 2.00 CPU min and 16 IPOPT iter-
ations. In the absence of prior knowledge, the four likely
candidates for the worst-case perturbations (cf. Eqs. 14–17)
had to be considered in Eqs. 11 and 13. This larger RC prob-
lem consists of 21,133 nonlinear variables, and 21,164 con-
straints (28 linear constraints). However, and as expected, the
analysis of the residuals of g2 for the optimal robust solution
showed that only two of its components were active. These
were for Q2 and Qþ given by Eqs. 14 and 16, respectively.
If this was known in advance, the dimension of the RC prob-
lem would have been reduced to 10,565 variables and 10,572
constraints, and take less than half the time to solve (47.8
CPU s). These CPU times clearly show that the computa-
tional tractability of the method is not an issue, at least for
the problem under study.

We now proceed to show that the robust solution remains,
as intended, feasible for all flow rate perturbations within the
specified uncertainty. Figure 5 shows an histogram of extract
and raffinate purities for a factorial perturbation (34 2 1 5
80 points) of the nominal and robust values of the optimized
flow rates for the standard SMB scheme (the first two rows
of Table 2). The nominal and robust solutions for the Varicol
and PowerFeed schemes were also subject to a similar analy-
sis; the results are in agreement with those reported below,
but are not reproduced here for the sake of brevity.

Each factorial analysis consists of all possible combina-
tions of 22.5%, 0% and þ2.5% relative deviations of the
four flow rates, and was performed by repeatedly calling
IPOPT, with no objective function and no inequality con-
straints, to find the solution satisfying the CSS problem for
each perturbation. Each factorial analysis took ca. 2 min.
This is a significant result, since it is possible that the worst-
case perturbations be different from those given by Eqs. 14–
17 if the purity requirements or isotherm shape are signifi-
cantly changed. However, given that the factorial analysis
can be performed quickly, the trial perturbations can be eas-
ily checked for correctness and adjusted if necessary.

The horizontal axis of the histogram plotted in Figure 5 is
an array of symbols with the factorial experiments sorting
the columns and the individual zone flow rates forming the
rows. This way a specific perturbation can be easily identi-

Table 1. Column Characterization and Adsorption
Parameters

L (cm)
6.0

dc (cm)
1.0

Ve (cm
3)

0.143
e

0.265

K Pe aL (s)
Uridine 1.197 442 0.029
Guanosine 1.907 437 0.034

Table 2. Results of Throughput Maximization for Nominal (d 5 0) and robust (d 5 0.025) Optimization Problems

Scheme d (%) s QI QII QIII QIV QF QE/QF

SMB 0.0 0.365 25.00 15.90 19.75 13.49 3.86 2.99
2.5 0.378 25.00 15.82 18.53 12.64 2.71 4.55

PowerFeed 0.0 0.342 25.00 15.99 22.61 15.03 6.63 1.50
2.5 0.356 25.00 15.98 20.82 13.79 4.84 2.32

Varicol 0.0 0.350 25.00 15.83 22.00 0.273 6.18 4.00
2.5 0.360 25.00 15.86 20.90 0.194 5.04 4.92

The optimized Varicol configuration is 1.2/1.2/1.6/0.0. Flow rate modulation for PowerFeed scheme is piecewise constant with nQ 5 5 subintervals per switching
interval. The flow rates are expressed in mL/min and s in min.
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fied among the 81 data points. The meaning of each symbol
is as follows: ‘‘h’’ is for the lower edge of the confidence
interval of Qj, ‘‘ ’’ is for no change, and ‘‘n’’ is for the
upper edge of its confidence interval. This figure shows that
even slight perturbations of the flow rates may result in a
severe infeasibility of the optimal solution for the nominal
problem; in the severest case the purity drops below 0.965.
The robust solution, however, is fully immunized against per-
turbations in the values of Qj, as long they stay confined to
the specified confidence interval. The worst purity deviations
for the standard SMB scheme are obtained for the perturba-
tions given by Eqs. 14 and 16, in agreement with the analy-
sis of the residuals of g2 for the robust solution.

As expected, robust operation is achieved at the expense
of reducing feed throughput and increasing solvent consump-
tion. However, the actual loss in separation performance,
29.8% reduction in QF and 52.2% increase in QE/QF, is
much larger than might be anticipated for a confidence inter-
val of only 62.5%. This shows that the optimal conditions
for nominal operation are not robust at all, and that the pro-
cess must be operated rather conservatively in order to with-
stand even slight disturbances in the flow rates. Still, the ro-
bust operating point provided by our approach is optimal,
since it is the one that yields the best separation performance
for the specified uncertainty.

Figure 5 repays careful study. It provides, in essence, the
net effect of disturbing the optimal operating point in the 4-D
space whose coordinates are the zone flow rates. Within the
scatter of the purity histograms there are easily distinguishable
trends, or clusters, that can be associated to specific patterns

in the array of symbols, which, in turn, identify the perturba-
tions giving rise to them. If this information is supplemented
by plots of the solute concentration profiles for selected flow
rate disturbances, as provided in Figure 6, then a better under-
standing of the influence of each zone flow rate on product pu-
rity is obtained. This is discussed next. Figure 6 includes the
concentration profiles for the robust optimized solution, those
for the two worst-case perturbations, as well as those that
delimit the projected uncertainty, both in space and in time.

Extract purity is mostly affected by changes in QII,
because this flow rate directly influences the positioning of
the trailing band of the fast-moving solute with respect to the
extract port. If QII is increased, the trailing wave of the fast-
moving solute will migrate faster than the extract port and
have less chance of getting past it. Inversely, when QII is
lowered the fast-moving solute migrates toward the extract
port and contaminates it. Extract purity is also negatively
affected, but less severely, when QIII is decreased or QIV is
increased. The effect of the former perturbation is dampened
when QII is increased. The flow rate in zone I does not influ-
ence the extract purity.

Raffinate purity, on the other hand, is mostly affected by
perturbations in QIII. This flow rate controls the positioning
of the leading wave of the more retained solute with respect
to the raffinate port. When QIII is increased, the slow-moving
solute shifts past the withdrawal port and contaminates the
raffinate. On the contrary, if QIII is reduced then the slow
solute will lag behind the raffinate port and have less chance
of polluting it. Raffinate purity is also negatively affected,
but to a much lesser extent, when QI or QIV are decreased.

Figure 5. Extract (PX) and raffinate (PR) purities for the factorial flow rate perturbation (base solution plus 34 2 1 5
80 perturbations) of the robust (solid circles, d 5 62.5%) and nominal (open circles, d 5 0%) optimized
solutions for the standard SMB scheme.

The factorial analysis includes all possible combinations of 22.5%, 0% and þ2.5% variations of Q�
I , . . ., Q

�
IV. The vertical arrows point to

the perturbations of the robust solution for which PX 5 Pmin
X and PR 5 Pmin

R .
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The effect of the former perturbation is less noticeable when
QIII is reduced. The zone II flow rate has little impact on raf-
finate purity.

Only 14 out of the 80 perturbed solutions satisfy both pu-
rity requirements. The purity of both products is clearly
enhanced only when QII is increased, while QIII is decreased,
which is when the feed flow rate is reduced to the lower
edge of its confidence interval. Note that the feed flow rate
can be reduced via different flow rate manipulations, because
it can be expressed as the difference between two zone flow
rates, but not all are favorable to both extract and raffinate
purities. An increase of QII enhances the extract purity, but
lowers the raffinate purity unless QIII is reduced to pinch the
leading band of the slow-moving solute between zones III

and IV. Likewise, a decrease of QIII improves the raffinate
purity, but degrades that of the extract unless QII is increased
to prevent the trailing wave of the fast-moving solute from
polluting the raffinate port.

PowerFeed operation

The optimal PowerFeed operating conditions listed in the
third row of Table 2 were computed using the nominal solu-
tion for the standard SMB scheme as initial estimate. This
optimization problem, consisting of 5,301 nonlinear varia-
bles, 5,280 equality constraints and 24 inequality constraints,
was solved in 61.3 s and required 30 IPOPT iterations. Note
that the column configuration is fixed and identical to that of
the standard SMB (i.e. NI,. . .,IV 5 1). The optimal operating
conditions were subsequently rendered robust by solving the
corresponding RC problem, which required 25 IPOPT itera-
tions and was solved in 3:05 min. This RC problem has
21,141 nonlinear variables, subject to 21,120 equality con-
straints and 36 inequality constraints. The analysis of the
residuals of g2 revealed that the purity requirements were
exactly fulfilled by the flow rate perturbations defined by
Eqs. 15 and 17. If this were known beforehand, the size of
the RC problem would be reduced (10,581 variables) and
take only 1:31 min to solve. In any case, the present results
show that even the enlarged RC problem can be solved with
a modest computational effort. Note that the flow rates
reported in the third and fourth rows of Table 2 are averaged
values over a switching interval.

Because of the increased degrees of freedom made avail-
able when the SMB process is converted to PowerFeed oper-
ation, the nominal feed throughput is increased by 71.8% to
QF 5 6.63 mL/min and the solvent consumption is reduced
by 49.8% to QE/QF 5 1.50. This is a significant improve-
ment over standard operation, but not an unexpected one if
the performance gains reported in other studies are taken into
consideration.29,33,37 In agreement with the trend observed
for the standard SMB scheme, the robustness in PowerFeed
operation is achieved at the expense of separation perform-
ance: 27% reduction in feed throughput and 54.7% increase
in solvent consumption. Note, however, that in spite of this
loss in performance the robust PowerFeed scheme can still
perform better than the optimized SMB scheme under nomi-
nal operating conditions.

Figure 7 compares the optimal cyclic flow rate modula-
tions for the nominal and robust PowerFeed design problems.
As expected, the zones more affected by robustness are the
two ones around the active feed port. The optimal flow rate
in zone I is the same regardless of the optimization problem
solved, because its value is dictated by the value of Qmax

when the productivity is maximized. For the separation and
column configuration analyzed here, it is seen that when the
system is rendered robust the instantaneous value of the feed
flow rate is not affected, but the feed is instead injected over
a smaller time interval. It is also seen that, for the robust
design problem, the extract is partially obtained ahead of the
feed pulse, and this is compensated by less raffinate being
withdrawn over the same period. This is not the case under
nominal conditions, where raffinate withdrawal is the only
one which leads ahead of the feed injection.

Figure 6. Steady periodic solution of the solute con-
centration profiles for various perturbations
of the robust optimized flow rates.

The selected perturbations were taken from the factorial
histograms depicted in Figure 5. The top graph (a) displays
the temporal concentration profiles at a fixed column outlet,
over a full CSS cycle, whereas the bottom graph (b) shows
the axial concentration profiles taken at half switching
interval, over the four columns. The dashed lines represent
the profiles for the robust solution. Q�

j ; the dotted lines are
the profiles for the two perturbations given by Eqs. 14 and
15. The gray areas show the domains of the (h, couti /cFi ) and
(z/L, couti /cFi ) planes which encompass all profiles generated
by the factorial analysis. The notation (6666) stands for
(1 6 0.025)Q�

I , . . . , (1 6 0.025) Q�
IV; ‘*’ denotes any one

of (1 2 0.025)Q�
j , Q

�
j , and (1 þ 0.025)Q�

j .

AIChE Journal October 2007 Vol. 53, No. 10 Published on behalf of the AIChE DOI 10.1002/aic 2637



Varicol scheme

The optimal design problem for Varicol operation was
solved using as initial estimate the nominal solution for the
standard SMB scheme. From this initial guess, the port con-
figuration and operating parameters were simultaneously
optimized using the dual combination of FFSQP/IPOPT in
12.5 min. The optimization required 5 FFSQP iterations
involving 23 calls to IPOPT (three of which were need for
estimating the gradients of g2 with respect to NI, NII and NIII,
by first-order differencing). Each call to IPOPT is equivalent
to solving the nominal optimization problem for a standard
SMB scheme, but with less computational effort because the
initial estimate for the solution is the final solution obtained
in the previous call to IPOPT. The nominal Varicol operating
conditions were subsequently rendered robust by solving the
RC problem with FFSQP/IPOPT in 7.5 min (1 FFSQP itera-
tion and 6 calls to IPOPT). The purity requirements were
exactly fulfilled by the flow rate perturbations defined in Eqs.
14 and 16. The port configuration for the optimized Varicol
scheme is 1.2/1.2/0.6/0.0, and did not change when the oper-
ating parameters were rendered robust.

The Varicol scheme gives higher productivity than the
standard SMB process, and under robust conditions even sur-
passes that of the PowerFeed scheme, but at the expense of a
higher solvent consumption. Note that zone IV is eliminated
in the optimized port configuration and its flow rate modula-
tion is close to zero for both nominal and robust solutions.
As a matter of fact, QIV can be fixed at zero prior to optimiz-
ing the other decision variables with negligible impact on the
final value of the objective function. Therefore, for practical
purposes both nominal and robust optimized Varicol solu-
tions are open-loop configurations in which the effluent from

zone III is fully withdrawn as raffinate and none is recycled
back to zone I. This is consistent with other optimization
studies on linear adsorption systems.29,33

Note that for all three operating schemes examined in this

work, the switching interval is increased by c.a. 100d% when
the nominal operating conditions are rendered robust. This is

equivalent to reducing the volumetric solid flow rate of the

equivalent true countercurrent process by c.a. the expected

uncertainty in the zone flow rates.
Overall, the short computational times reported in this sec-

tion support our claim that the proposed robust optimization

procedure is computationally tractable, since a solution is

generally obtained in the order of minutes. It is worth noting

that this should be largely credited to IPOPT’s efficient han-

dling of a large number of variables, while exploiting the

problem structure at the same time.
From the viewpoint of mathematical programming, one

might argue whether it is valid to only examine the vertices

of the edges that bound the 4-D flow rate uncertainty region

in order to guarantee robustness, given that in principle

infeasibilities may arise in nonextreme points. For the stand-

ard SMB process our claim is supported by the triangle

theory.7,8 This theory, however, is obtained from an equilib-

rium analysis of the true moving-bed model, which neglects

finite mass-transfer resistances and assumes an infinite num-

ber of differential columns. Proving the claim using the rig-

orous mathematical model of the SMB process would be

extremely difficult, with further increase in complexity for

the Varicol and PowerFeed operating schemes.
However, our claim is strongly supported by Figure 8,

which shows the results of conducting 1,000 randomly-gener-

ated perturbations of the flow rates for the nominal and

Figure 7. Optimal piecewise-constant flow rate modulation for nominal (d 5 0, solid lines) and robust (d 5 0.025,
dashed lines) PowerFeed design problems.

Qj5I,. . .,IV are the zone flow rates; QE, QX, QF, and QR, denote the eluent, extract, feed, and raffinate flow rates, respectively. Flow rates
are expressed in mL/min.
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robust solutions listed in Table 2 within the specified uncer-
tainty interval of 62.5%. The four bottom graphs are scatter
plots of the perturbed flow rates, showing that the uncertainty
region in the internal flow rates was uniformly probed over
its full extent. Each of the three graphs at the top of Figure 8
compares the raffinate and extract purities for the 1,000 per-
turbations of the nominal and robust solutions of a given
operating scheme. It is clearly shown that the raffinate and
extract purities for the perturbations of the robust solutions
are all kept above 98%, whereas those for the nominal solu-
tions are in many cases below 98%; in the worst cases the
purities drop to 95%. It is also interesting to notice that the
purities for the perturbations of the standard SMB scheme
vary over a tighter range than those of the PowerFeed and
Varicol schemes. This shows that the enhanced process per-

formance provided by these two schemes is subjected to an
increased sensitivity to operating disturbances. The numerical
experiments reported here have been repeated for several so-
lution points along the Pareto curves discussed in the next
section, and in every case the random perturbations of the ro-
bust solutions remained feasible. Thus, there is strong evi-
dence that the worst-case perturbations are among the verti-
ces of the 4-D flow-rate uncertainty region.

Multiobjective optimization

In the more general case, optimal SMB design is a two-
objective optimization problem, in which productivity is to
be maximized and eluent consumption is to be minimized,
subject to the h and g sets of constraints, that is

max
s;Nj;Q�

j

Q
�
F (23)

min
s;Nj ;Q�

j

Q
�
E (24)

s.t. y ¼ hCSSðs;Nj;Q
�
j Þ (25)

gðs;Nj;Q
�
j ; yÞ � 0 (26)

Using the aforementioned formulation, robust values of the
decision variables can be determined for progressively larger
values of solvent consumption Qmax

E , by converting the sec-
ond objective function into an extra inequality constraint, i.e.

Q
�
E � Qmax

E (27)

and, possibly, by also eliminating the constraints on the max-
imum allowed internal flow rates. This gives rise to a robust
Pareto set. The mathematical theory of Pareto multiobjective
optimization is somewhat complex,38,39 but some basic defi-
nitions and properties are easily explained for the special
case of dual-objective. In this case, each Pareto curve repre-
sents the opposing objectives of maximizing productivity,
and minimizing solvent consumption for a given number of
columns and operating scheme.

Figure 9 shows nominal and robust Pareto optimal solu-
tions for the SMB, Varicol and PowerFeed operating
schemes. The *-labels denote the robust Pareto curves for a
62.5% flow rate uncertainty. Any point above the Pareto
curve has worse performance than the points constituting the
Pareto curve, because there is always one element of the Par-
eto set which has a lower solvent consumption for the same
productivity. The points located below the Pareto curve are
not feasible because the purity requirements are not fulfilled.
When moving along the Pareto curve, each point is nondomi-
nant with respect to the others. The choice of a particular
point in the Pareto curve over all other points requires addi-
tional considerations about the problem, such as the overall
separation cost and profit functions, which are outside the
scope of the present work. Note that the Pareto curves exist
only in finite domains of the QE/QF-vs-QF plane and that the
extent of the domain enclosing a given Pareto curve is a
measure of versatility of the corresponding operating
scheme.40 For convenience, only the nominal and robust Par-

Figure 8. Extract (PX) and raffinate (PR) purities for
1000 randomly-generated flow rate perturba-
tions of the robust (solid circles) and nomi-
nal (open circles) optimized solutions of the
(a) standard SMB, (b) PowerFeed, and (c)
Varicol schemes.

The obtained purity ranges, [Pmin
R , Pmax

R ; Pmin
X , Pmax

X ], for
the perturbed nominal solutions are [0.967, 0.988; 0.965,
0.988] (SMB), [0.951, 0.995; 0.950, 0.996] (PowerFeed),
and [0.950, 0.994; 0.955, 0.992] (Varicol); those for the ro-
bust solutions are [0.981, 0.994; 0.981, 0.994] (SMB),
[0.982, 0.999; 0.981, 0.999] (PowerFeed), and [0.981,
0.998; 0.981, 0.997] (Varicol).
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eto curves for the standard SMB scheme are fully plotted in
Figure 9.

Overall, the results show that PowerFeed is the best oper-
ating scheme because it not only exhibits the lowest Pareto
curve but also the one with the widest extent, i.e. its specific
eluent consumption is consistently lower than those of the
other two schemes, and the system with-stands higher feed
throughputs without violating the purity constraints. The Var-
icol scheme also clearly outperforms the standard SMB pro-
cess, both in productivity and eluent consumption, but it is
not as efficient as the PowerFeed scheme for the separation
under study. When both schemes are operated under robust
conditions, however, the Varicol process outperforms the
PowerFeed scheme in the upper end of the feed throughput
region. The reason for this is discussed later.

For very low-feed throughputs the SMB and Varicol proc-
esses are nearly coincident; in fact, the optimized Varicol
port configuration tends to 1/1/1/1 as the feed flow rate is
decreased towards zero. This is in agreement with previous
studies.29,32,33 However, as the feed flow rate is increased the
optimized Varicol column configuration increases the length
of zones II and III at the expense of that of zone IV, which
is eliminated altogether for the highest feed throughputs.

It is worth noting that for all three operating schemes, pro-
cess performance degrades significantly for very small values
of QF. This is due to the explicit modeling of extra volumes
in the system as perfectly mixed cells placed between every
two adjacent columns. When the system is operated at a very
low flow rate, the residence time in the mixing cells, Ve/Qj,
is of the same order of magnitude or larger than the resi-
dence time in a column, (1 þ bKi)L/v. The same net effect is
likely to be observed if the complete van Deemter curve,
incorporating a term proportional to 1/v, is employed. If
band broadening is exclusively taken into account through a
linear van Deemter curve, as in Eq. 21, it can be shown that

the QE/QF-vs-QF Pareto curve is a monotonically increasing
function of QF.

32,33

Figure 9 shows that for all three schemes, the robust Par-
eto curve shifts upwards and the extent of the domain enclos-
ing it diminishes with respect to its nominal counterpart.
This shows that robustness is achieved at the expense of a
higher eluent consumption and/or lower feed throughput over
the whole operating range. Differences between nominal and
robust process performances for the three operating schemes
are more apparent in the higher feed-throughput region. This
is particularly noticeable for PowerFeed operation. This is
not surprising, given that the performance of this scheme
is entirely dependent on flow rate manipulation.

The performance penalty when switching from nominal to
robust operation is best perceived in Figure 10, in which the
ratio of robust to nominal feed throughputs, QF(d 5 2.5%)/
QF(d 5 0%), is plotted as a function of eluent flow rate for
each operating scheme. Note that the selection of QE as inde-
pendent variable is only a matter of convenience to expand
the scale on the x-axis; the same trends would be observed if
QF were selected instead.

The curves for the standard SMB process and PowerFeed
scheme exhibit a maximum for QE � 4 mL/min, where robust
operation is the least detrimental on productivity with respect
to its nominal counterpart. At higher flow rates, the perform-
ance penalty for operating under robust conditions increases
more or less linearly with QE. Notice also that over most of
the operating range, the standard SMB process is somewhat
less sensitive to robustness than the PowerFeed scheme.

The Varicol process exhibits an entirely different behavior
from the other two schemes. The robust-to-nominal produc-
tivity ratio for the Varicol scheme increases steadily with QE

up to QE � 10 mL/min, and remains constant at a value of
about 0.79 for higher values of QE. Thus, as opposed to the
other two schemes, Varicol productivity is less affected at
higher flow rates than at lower ones when its operating pa-
rameters are rendered robust. This is partly due to its trend
towards a three-zone open-loop configuration, and, hence,
reduced sensitivity to perturbations in QIV, as the feed flow
rate is increased.

Figure 9. Pareto optimal solutions for standard (SMB),
Varicol (VC) and PowerFeed (PF) operating
schemes.

The *-labels denote the robust Pareto curves for a 62.5%
flow rate uncertainty. An arrow indicates that the full curve
extends to higher productivities than what is plotted. Some
optimized port configurations for the nominal Varicol
schemes are (1) 0.8/1.2/1.2/0.8, (2) 0.8/1.2/1.4/0.6, (3) 0.7/
1.3/1.4/0.6, (4) 1.0/1.3/1.7/0.0, (5) 1.0/1.4/1.6/0.0, and for
the robust counterparts are (1) 0.9/1.2/1.2/0.7, (2) 0.8/1.2/
1.4/0.6, (3) 1.0/1.3/1.7/0.0, (4) 1.0/1.4/1.6/0.0.

Figure 10. Robust-to-nominal productivity ratio, QF(d 5
2.5%)/QF(d 5 0%), as a function of eluent
flow rate for standard (SMB), Varicol (VC),
and PowerFeed (PF) operating schemes.
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Figure 9 also shows that the smallest performance penalty
incurred by robust operation is for the Varicol scheme,
whereas the largest one is for PowerFeed operation. Overall,
however, Figure 9 shows that PowerFeed operation remains
the most efficient scheme for the separation under study,
except near the upper limit of the robust feed throughput-
region, where Varicol performs better. It has recently been
shown29,32,33,37 that the combination of Varicol and Power-
Feed schemes into a single hybrid process provides further
performance enhancements with respect to the individual
schemes. This is particularly apparent for compact units with
a small number of columns. The present results suggest that
asynchronous port switching may significantly improve the
performance of flow-rate modulation under robust conditions.
This, however, will not be presently explored, since it
deserves a more detailed study in a separate publication.

Conclusions

A general procedure for robust design of SMB processes
under flow rate uncertainty was developed in the frame of
rigorous optimization theory. The best solution is chosen
only among candidate solutions that are robust feasible, that
is, remain feasible for all flow rate perturbations from the
uncertainty set. Computational tractability is ensured by for-
mulating the robust problem with only the vertices of the
uncertainty domain that most adversely affect the raffinate
and extract purities. In practice, the nominal problem is
replaced by a worst case problem.

The procedure was successfully employed to find robust
operating conditions for the linear separation of two nucleo-
sides by standard SMB, Varicol, and PowerFeed schemes.
The pros and cons of running each scheme under nominal
and robust operating conditions were discussed. Regardless
of the operating mode, robustness is achieved at the expense
of a higher eluent consumption and/or lower feed throughput.
Furthermore, differences between nominal and robust process
performances are more apparent in the higher feed-through-
put region, except for the Varicol scheme which shows the
opposite trend. PowerFeed operation was found to be the
most efficient operating scheme for the separation under
study, although Varicol was also seen to clearly outperform
the standard SMB process. However, it was also shown that
Varicol productivity is the least less affected by robustness,
whereas that of PowerFeed is the most affected.

In future work, our method will be employed to find ro-
bust operating conditions for nonlinear separations, and to
analyze the influence of isotherm shape and feed concentra-
tion on performance parameters, such as the robust-to-nomi-
nal productivity ratio, for the different operating schemes
considered here.
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Notation

c5 solute concentration, g/l
H5plate height, cm

L5 column length, cm
mod5modulo operator, a mod b 5 a 2 b int(a/b)

N5number of columns
Pe5Péclet number
q5 adsorbed concentration, g/l
Q5flow rate, cm3/min
t5 time, min
v5 linear velocity, cm/min
Ve5 extra-column volume, cm3

z5 axial position in column, cm

Greek letters

b5phase ratio, (1 2 e)/e
e5 interparticle porosity
s5 switching interval, min
h5dimensionless time, t/s
h0 5h mod 1
�h5h mod N

Subscripts and superscripts

E5 eluent
F5 feed
i5 solute index

I,. . .,IV5 zone index
in5 inlet effluent
j5 column index

out5outlet effluent
R5 raffinate
X5 extract
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